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1. Some information about the particular solutions of the problem. The
problem of motion of a heavy rigid body about a fixed point under the
action of the force of gravity can be reduced to finding the general or
particular solutions of the following systems of differential equations

d
A d—f = (B — C) qr + Mg (yoys — Zoy2)
dg
B3 = (€ —A)yrp + Mg (20v1— %oYs) (1.1)

dr
€ g; = (A — B) pg + Mg (zoY2 — yo11)

dy1 dys dys
=t = avs, ar = Prs—ru, di =N —PY 1.2

where p, ¢, r are the projections of the instantaneous angular velocity
vector of rotation on the moving coordinate axes 0X, OY, 0Z, which are
rigidly connected with the body and directed along the principal axes of
the inertia ellipsoid, constructed with respect to the fixed point; 4, B,
C, are the principal moments of inertia with respect to the axes 0OX, 0Y,
OZ; M is the mass of the body; g is the acceleration due to gravity;
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dissertation, “Certain necessary conditions for the existence of single-

valued solutions in the problem of motion of a heavy rigid body about
a fixed point", defended in 1850 at the Institute of Mechanics of the
Academy of Sciences of the U.S.S.R. Conditions are added for the
existence of the Grioli case (1947) for which in the dissertation only
permanent rotations were obtained,
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%y, Yo, 2o are the coordinates of the center of gravity with respect to
the moving coordinate system; Y Yoo y3, are the direction cosines of
the vertical axis OZ1 along which the gravity force is acting.

The general solution of the systems of equations (1.1) and (1.2) de-
pends on six arbitrary constants. Because of the relation y12 + y22 +
y32 = 1, the number of arbitrary constants on which the functions p, g,

Ty ¥Yye Yoo V3 depend, will be equal to five.

Equations (1.1) and (1.2) do not contain time ¢t explicitly, and their
last multiplier is equal to one [32 ]. Therefore, for the reduction of
the problem to quadratures, it is sufficient to have only four independent
first integrals.

Three classical algebraic first integrals are known, namely

Apt 4+ Bg* + Cr® — 2Mg (zoy1 + yova + Sovs) = 1
Apyr+ Bgy:+ Crys =k (1.3)
Vit A va? = gt = g =

The first integral is the so-called energy integral, the second integral
expresses the law of conservation of the angular momentum about the
vertical and the third integral expresses a property of the direction
cosines.

A fourth algebraic first integral for arbitrary values of the coeffi-
cients of equations (1.1) and (1.2) has not been found. Under certain
restrictions concerning the location of the center of gravity and the
values of 4, B, C, such a fourth integral can be found.

Up to the second half of the nineteenth century the following cases of
integrability were found and investigated.

0 and the fourth

i

1. Case of Euler and Poinsot, when xy = ¥y = %
algebraic first integral is

A2pt 4 Bg 4 C3rt - comst

2. Case of Lagrange and Poisson, when A = B, x, = ¥y = 0, zg # 0 and
the fourth algebraic first integral is

r - const

3. Case of complete kinetic symmetry, when A = B= C and the fourth
algebraic first integral is

xop + yoq + zor - const

In 1888 appeared a remarkable investigation by Kovalevskaia {11, in
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which & new case of integrability was discovered and investigated. In
this case, which bears her name, and which is realized when

A=B=2C, Zy = 0

(by a rotation of axes in the XY-plane we can make Yy = 0) there exists
a fourth algebraic first integral

[C (p* — ¢%) + Mgzin1)* + 12Cpg — Mgzey2]* = coust

This memoir of Kovalevskaia's stimulated a large number of investiga-
tions referring (1) to the question of finding new particular solutions
of the general problem, (2) to the question of finding particular solu-
tions of the new case, and (3) to the clarifying of the geometrical
picture and the details of motion in the cases of the known particular
solutions.

A number of questions connected with the geometric representation of
the various cases of motion and with the question of finding particular
solutions of the general problem were solved by Zhukovskii, Liapunov,
Chaplygin, Steklov, Mlodzeevskii et al.

Kovalevskaia raised the problem of finding all the cases when the
general solution of the systems (1.1) and (1.2) can be expressed in terms
of single-valued functions of ¢, these functions having no other singular-
ities than poles for all finite values of ¢, t being a complex variable.

These functions can be expanded in series of the form

1 1
P ptptt et ) = AR )

1 1
1= " @t nit gt ), ro= S Antb ) (14)

1 1
Pes T o bR b ) e = o ()

and =, are positive integers.

where n 2 3

1 nz. 723, Bl, =

In order that in the general case the systems (1.1) and (1.2) be
integrable by series of the form (1.4), which contain five arbitrary
constants, it is necessary that the coefficients of these series satisfy
definite conditions, One such condition gave the new case of integrability
considered by Kovalevskaia,

Let us quote two theorems which complete the problem of finding all
cases for which single-valued solutions for arbitrary initial conditions
exist (i.e. the problem of finding general solutions).

Theorem of Kovalevskaia [271. In the general case, equations (1.1)
and (1.2) do not admit single-valued solutions containing five arbitrary
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constants and having on the whole plane of the variable ¢t no singular
points other than poles. The exceptional cases are:

1) A=B=C, 3) A=B, z=y,=0

(2) Ty=yYo=2 =0 (4) A=B=2C, z=0 (1.5)

Theorem of Liapunov [11 1. Of all the cases when the constants 4, B,
C, x5, Yy and z, are real and A, B and C different from zero, the above
cases (1.5) are the only ones when the functions p, ¢, r, y;, ¥, and Y3
determined by the equations (1.1) and (1.2), are single-valued for any
initial values of these functions,

Considering series of the form (1.4) Kovalevskaia takes for the
constants n; and LF the following values: n; = 1, m= 2 (i=1, 2, 3),
leaving unconsidered the question whether this system of values is unique
or not.

Nekrasov and Appel’rot [ 5,6 ], investigating the exponents n;, m; and
Liapunov, establishing the above theorem, pointed out a particular case,

that of the so-called loxodromic pendulum, overlooked by Kovalevskaia.

The method proposed by Kovalevskaia in the problem of motion of a
rigid body was not developed further for this problem.

No-one succeeded in determining the existence of particular solutions
by Kovalevskaia’s method, except in the case of the loxodromic pendulum,

All the particular solutions rediscovered were found by a skilful use
of the differential equations under consideration or by the investigation
of certain particular properties of the fourth algebraic first integral.
A general method, similar to Kovalevskaia’s, for determining particular
solutions, has not been found,

Appel’rot [ 5] established the following theorem. In the case of three
unequal moments of inertia there are neither general integrals nor parti-
cular integrals of the differential equations of motion of a heavy rigid
body, having for p, g, and r poles of order higher than one and for y,,
Y, and Y3 poles of order higher than two. If, however, A = B, =0
A#£ C, x, # 0, there can exist particular integrals having for p and ¢
poles of order three.

Appel’ rot did not give an example of a particular solution confirming
his theorem,

In the present paper this theorem is confirmed for the case of
Goriachev and Chaplygin.

From the theorem of Liapunov it follows that besides (1.5) there can-
not be new cases when single-valued general solutions can be found (i.e.
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single-valued solutions for arbitrary initial values). If restrictions
are imposed on the constant A in the energy integral, on the constant %
in the angular momentum integral about the vertical, and on the values

of A, B, C, x5, ¥ and 20, then, in particular cases, a solution of the
problem is possible. In the general form, however, the nature of such re-
strictions has not been investigated by anyone.

Such a problem was not raised and did not follow from Kovalevskaia’'s
method.

In an unpublished manuscript Chaplygin [ 27 ] made an attempt to obtain
the integrable cases by a unique method.

The present paper shows that Kovalevskaia’s method can also be applied
to find particular cases of integrability of the equations of motion.

Such a method permits only the necessary conditions for the existence
of single~valued particular solutions to be found. To verify the suffi-
ciency of the similar conditions, it is necessary to show that equations
{1.1) and (1.2), under the derived conditions, can be integrated in terms
of single-valued functions of time, or that a fourth algebraic integral,
besides the generally known integrals (1.3), can be found.

Chaplygin [ 19 ] showed that "the problem considered does not admit a
particular linear integral in cases other than those so far known",

Since Kovalevskaia’'s investigation, so far as we know, only the follow-
ing basic cases of integrability and particular solutions of the systems
(1.1) and (1.2) have been found and studied. We leave out of account the
particular cases of the already known solutions and the various additions
and modifications of the conditions themselves as well as of the parti-
cular solutions obtained (such as, for example, the particular cases of
the Kovalevskalia integral, motions similar to the pendulum and other very
simple motions),

1. Lozodromic pendulum. This case was found by Hess [3 ] in 1890 and
rediscovered in 1892 by Nekrasov [6 ] and Appel’rot [5 ]. Purther, it was
investigated by Nekrasov [ 7,8,15 ], Mlodzeevskii [ 8 ], Zhukovskii[ 4,217,
Chaplygin [14 1 e¢ al. In this case under the conditions

Yo =0, AB—C)zl2—C(A—B)z? =
a fourth particular first integral exists in the algebraic form
Azop 4+ Cogr =0

2, Case of Bobylev and Steklov (1893). This case was found simultaeous-
1y by Bobylev [17 ] and Steklov [ 18 ]. Under the conditions

2A=C, 2y=y,=0, ¢q=0,



878 A.A. Bogoiavlenskii

a fourth particular integral r = o exists (Bobylev) or, under the condi-
tions 24 = B, T, = 25 = 0, r= 0, there exists the particular integral
9= q (Steklov).

3. Constant (permanent) rotations. This case was discovered in 1894
by Mlodzeevskii and Staude. The investigations of Mlodzeevskil [ 13 ]
concerning this problem were already completed when the paper by Staude
[12 ] appeared, in which one case referring to permanent rotations,
namely when the axis of rotation is vertical, was examined. Mlodzeevskii
stated the problem in a broader form,

4. Second case of Steklov (1899) [ 20 ]. Under the conditions B > 4 >
2C, Yo = Zp = 0 there exist particular joint solutions

(C — A) (B — A) (C — A)(B— A)
vo— T )

= Tgec—a) P = TQERE=A)
Here, and in what follows, we have denoted Q = ngo.

In the present paper it is shown that in this case we shall have

QA= 24B—24C + 2BC)
k=0, h= (A—=B)(C—4)

The solution contains a single arbitrary constant to.

5. Case of Gortiachev and Chaplygin (1899). This case was discovered
by Goriachev [ 23 1, who gave a solution which contains three arbitrary
constants, and by Chaplygin [ 24 ], who obtained a solution containing
four arbitrary constants. The Goriachev solution is a special case of
that of Chaplygin, Sretenskii [ 31 ] investigated the motions which arise
when the body is rotating with a very large velocity about the principal
axis of inertia through the center of gravity. His method was later used
by Arkhangel’skii [34].

In this case under the conditions
A= B=14C, Yo=2=0, k=20
a fourth particular algebraic first integral
e oy 2
r(PP+ ¢+ pra=1
exists, where ! is an arbitrary constant,

6. Second case of Goriachev* (1899) [22 1. Under the conditions

AC =8(4 —2B) (B — (), Yo =20 =10

* It is more convenient to call this case his second, though Goriachev
gave the preceding one in November, while this one was in August.
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particular joint integrals

2Qye: = (4B —34) pg, Qvs = (> 4 up® pr
exist, where

. 34 —4B) 2B — ) 2B —3C) _ 2A4(34 — 4B) (4B — 3C) (5C — 4B)

BC SR 32QBC (B =)

In the present paper it is shown that in this case we shall have

4Q (A — 2B) (94 — 56 AB -+ 64B%
k=0, h= ~31 =4B) (154° —64AB + 6459

The solution contains a single arbitrary constant ty.

7. Second case of Chaplygin (1904) [ 26 ]. Under the conditions

c B
0.6> 1 >0.5965, 1.5< — <1.5965, y,=z,=0

879

or under the following restrictions for the principal central moments of

inertia L, M and N, namely

M-~ N
M>L>N, 0.9 < =T~ <1
particular algebraic integrals
A 4
Qrz=(a+2rp ?)pq, Qus=@+wp 3)pr
exist, where
. (B— A)(C— A) _ (B— A)(C — A)
*= 20— 4 ’ B= 2B — A
C(34 —2B) B(3A4 —2C)
=T2—4a W="25—a °

and s is determined by the condition

4 (2B — A)(2C — A) Q?
9(34 —25) (34 — 20)

A3 (2B 4 2C —3A4)s® =

The solution contains a single arbitrary constant t

0
8., Case of Kovalevski (1907) [28 1. Under the conditions
18B (B — C)
A=-—9—B__—100— or AC:Q(A——ZB)(B—-—C), Yo=124=10

particular algebraic integrals

=g [hora(m- 252 o],
AN

C—
T3 = 5y [0(1'31 —+2 (ag— B )P + 3(13;3‘_11)2] ,

\

g% = Py (p), r? =P, (p), Y1== Py (p)

exist, where Ps(P) is a polynomial of degree s with respect to p,
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(2C — 3B) (81B* — 156 BC + 61C?) 2B
= BC (9B —100) ’ b= —gp_Toc

and ﬁﬁ al' and a3' are determined by a system of algebraic equations
with coefficients depending on A, B and C. There is no need to write
these equations down., The solution of the problem contains a single
arbitrary constant t,.

9. Case of Grioli {1947) {30 ]. This case represents regular precession
about a nonvertical axis. Under the conditions

Yo=0, (B—C)al?—(A—B)z2=0
joint particular integrals

p? 4 q* -+ r?=const, a,p + zr = const
exist,

In all these particular cases the restrictions imposed on the values
of h, k, A, B, C, x5, Y and z, are obtained by various methods, without
applying Kovalevskaia’s method.

The purpose of the present paper is not the study and analysis (a) of
the various modifications and additions of the basic particular cases of
integrability obtained or (b) of the various geometric and analytic
methods applied to the above problem. Nor is the problem of the stability
of motion considered. In this connection, no analysis of the literature
on the motion of a heavy rigid body about a fixed point, which is not
directly related to the problems considered in the present paper, is
given.

2. On the differential equations of the problem containing
the arbitrary constants of the classical first integrals. Let
us represent the equations of motion of a heavy rigid body about a fixed
point in a form different from (1.1) and (1.2), namely in the form indi-
cated in the paper by Hess [3 1. Let a quadratic form and n — 1 linear
forms with respect to the variables Xy veny %, with coefficients a,
cess @, ¥y eees ¥, be given in the form

TP 2k 2 . 2t =
A T - s Y ] 2.1

....................

Denote
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Ty Zp. . . X brw B ooy
- e a (ax) (aB). . -(xy)
W= " H=W:=|p (Bx) (BB). . -(By)
T Mo Y 0 (B - -
where

..........................

Differentiating H with respect to x, and taking into account (2.1) we
obtain
oH oH oH oH ow .
271‘xi+’b‘a’“i+£pi+---+'a?'ri=2w'51—i (i=1,...,n) (2.2)
The minors of the determinant W, corresponding to the elements x;, are
¥.=0W/dx,. Therefore, we have the following identities:

oW oW w
W::ng—i—xi, —Eai -—-0,..., -a—zl-'\’t—o

Multiplying equations (2.2) by x; and adding, then by a; and adding,
and so on, we obtain the equations

oH oH oH
2'6—1'1 +Wa+°"+W7=2W2=2H

H oH aH .
29 a4 50 (@) 4.+ (@) =0 (2.3)

H
2208 4+ 2 (Bo) + ... + S (By) =0

.....................

Denote the minors of the determinant H, corresponding to the elements
of the first row, by the same letter with a subscript, and the minors,
corresponding to the elements of the first column, in addition, by a prime
above. Expanding H according to the elements of the first row and the
first colum, we obtain

H=Hl+Ha+...+Hy, H=Hil+H/o+...+H'yx (2.4)

Because of the symmetry of the determinant H with respect to the
diagonal we have H = H *, ..., Hy = H ’. Adding term-by-term the equal-
ities (2.4) and comparing them with (2}./3), we obtain*

oH oH 8H
—-d[ =Hl, —-aa =2Ha,..., _=2HY‘

»

Combescure, Sur quelques systémes particuliers d’équations différen-
tielles, J. Reine Angew. Math. Vol. 80, pp. 33-51 (1875),.
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Due to (2.2) the variables x, (i =1, 2, ..., n) can be expressed
explicitly in terms of the forms (2.1) and their coefficients in the
following form

Hzi=VHW;,—Hoai —HgBi — ... —Hyi (2.5)

With reference to a heavy rigid body rotating about a fixed point,
four vectors, intersecting at the point of support, can be determined at
any instant t: the unit vector zlo along the fixed axis coinciding with
the line of action of the gravity force, the vector of the principal
kinetic momentum 3, the vector of the instantaneous rotation and the unit
vector n® of the position vector of the center of gravity.

The scalar products of these vectors are

1. v = (GG) = A?p* + B%® 4 C*r?
1
2. o = (Gn?) = &, (Azyp - Byoq + Czyr)
3. v = (Gw) = Ap* + Bg* + Cr?
1
4. s = (wn") = T, (Top -+ Yog + 2o7)
0. = (wz,%) = p11 + 972+ s (2.6)
6. w=(ww)=p*+q¢*+r?
lo=(2,"2,") = 1"+ 1> + 15" = 1
k= (6z,°) = Apyy + Bgy: + Crys
1
9. (= (n2,%) = T, (oY1 + YoT2 + 207s)

p 1
10, 1 = (0n) = g2 (@ + Y® + 20%) = 1
The quantities l;, k and n, are constants while the quantity r, which
represents twice the kinetic energy, is connected with p in the following
way:

T—h ~
b= K, (h = const) (2.7)

In this way six new variables can be introduced. For our purpose take
three of them, namely v, p and p. Instead of p also r can be taken.

The total derivatives of these quantities with respect to time, taking
into account the Fuler and Poisson equations (1.1) and (1.2), are

& Ti Y2 s g 1| T U V2o
7t-=2Mg Ap Bq Cr1, = E, Ap Bq Cr
Ty Yo Zo | p g r (2.8)
du { o Yo 2o

AHF:_RT) Tr Y2 s
p q r
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Taking the Tth, 8th and 9th product from (2.6) for the forms of the
type (2.1), we obtain, in conformity with (2.5),

Hyp=VEW,, —Hedp—H, 5

Hyps = VAW, — HiBg — Hy % @9)
Hys=VHW, — H,Cr —H, —g’;
Here
lh k& p ' Y1 Tz T3
H=W=|k v o |, W—_.«]/—Ef:—ﬁ— Ap Bg Cr
]
T T | s Yo %o
1
Ho'":""“Pz: W"h:: "E‘;(quo—cryo)
1
Hy = pu —k, W, = "E(C"xo_Apzo)
1
H, = kp — ., w., ="R;(Apy0"‘quo)

Then from (2.8) and (2.9), taking into account (2.6), we obtain the
following basic system of differential equations in the Hess form:

L k& p 1 0 o
1 dv\z PR do\2
<2Mg1{0 7{?) - ool (Tﬁ) =|0 v =
R c T w
d 1 d d
(=% g = (5 — 99) gyrgpar + (k — o) G (2.10)

The solution of the Hess equations gives the solution of the Buler
equations, except in the cases when from the expressions (2.6) for v, p,
i and ¢2.7) the quantities p, q and r cannot be obtained.

In 19503 Schiff [ 25 1 proposed a modification of the equations (1.1)
and (1,2), reducing them to a new form similar to that already considered,
taking for the new variables the expressions*

1
Thig (AP + Bg* + Cr%)
1
g(rgy (WPt Bt O

1
Mg (Azop + Byog -+ Czor)

* Schiff takes the last expression with the + sign, since he transforms

the Buler equations, written down for the case when the OZl—axis is
directed in the direction opposite to that of the force of gravity.
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Assuming that the last two expressions can be constant, and giving
various initial conditions, under these conditions Schiff unified several
particular cases (already known). He did not consider whether the para-
meters and the initial conditions of the problem can be selected in such
a way that these cases can be actually realized.

3. Cases of integrability, when radicals in the right-hand
sides of the differential equations of the departure are
absent. The basic differential equations are given in such a form that
besides the considered variables v, p, 7, two of which enter, in addition,
in the form of derivatives, their right-hand sides contain the gquantities

r and w, which are expressed explicitly only in terms of the old var-
iables,

From equalities (2.6) the following obvious relations follow:

Ve Av=DB (B — 1) ¢ - C(C—A)r?

Vo Br=A(A—B)p*+ C(C—B)r*

yv—lr=A (A —-OYp+B(B—C)g?
t— dw = (B-— )@+ (C— A)r?
t— Bw = (A — B) p* + (C— B) r? 3.1)
e (=AY 2 (B—C) g?

Ry (p— A3y = (B— A)yog+ (€ — 4) zor
Ry(p— Bs) =(d —DB)xop+ (C— B) z4r
Ry(p—Co) = (A —C)xop+ (B —C)yog

Let us express the quantities o, v in terms of the variables v, p and

For this purpose eliminate twice in pairs from the first three rela-
tions of {(2.6) any two variables (for example, p, ¢ and r, q). After
elimination, find the roots of the two algebraic polynomials in one of
the two old variables {r and p), and substitute them into the correspond-
ing last six relations of (3.1).

Substituting the expression for p obtained from the second relation
of (2.6) into the first and third, we obtain two quadratic equations with
respect to g with coefficients depending on r, v, p and 7, Eliminating

q from these equations, i.e. putting the resultant equal to zero, we ob-
tain

[C[AB—=C)z2 4+ B(Ad—C)y> + C(B— A) 721 r* — 2C (B — A) Ryzopr +
4 (B — A) Rytp? 4 Axg? (v— Br) + Byg? (v — A%))* —
— 4B (B— A)y 2 (Czor — R [C(A—C)r? +v—Az] =0 {3.2)
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In exactly the same way, substituting the expression for r obtained
from the second of the relations (2.6) into the first and third relation,
and eliminating g from the two quadratic equations so obtained, we get

{A[AB— ()22 — B(A—C) yy? 4 C (B — A) 24®] p* — 24 (B — C) Ryxoop +
1 (B — C) Ry%? - Bye2 (v — C<) + Czo2 (v — Br)}2 +
+ 4B (B—C)ye (Azop— Rp)F [4(A—C) pP—v+ Cs] =0 (3.3)

If the roots of the polynomials (3.2) and (3.3) are substituted into
the fifth and eighth relation of (3.1), then explicit expressions of o
and w in terms of v, p and r are obtained.

In general, such a transformation has a cumbersome form and requires
particular consideration. We will introduce the following notations:

P=(4—B)(B—C)(C— )
A = (B—C)zgt — (A — B) z52
U=A(B—C)z2+C(4—B)z?
V=AB—C)z2—C(Ad— Bz

Then, equations (3.2) and (3.3) become quadratic and have simple
expressions or the roots under the assumption that y, = 0.

For this case, and under the assumptions that ¥V # 0 and that in the
expressions for the roots of the polynomials (3.2) and (3.3) the radicals
are taken with ¥ signs, the expressions for ¢ and v in terms of v, p and
r are obtained in the form

(3.4)
VACVR =V ACARp + (A — C)2yzy V(A — B) (B—CYRy* — V (v — Br)

ABCV*w = ACV?* — PURp? — [ A (B — C) 22 — C* (4 — B) 221V (v — Br)+-
42V ACPRwyzep V(A — B) (B — C) Ry%* —V (v — Br) (3.5)

If V= 0, then the following expressions are obtained for ¢ and w in
terms of the variables v, p and r, assuming that p # 0 and v £ Br :

_AHC (1O (v—B) .
°=ome P Tu (B—C) R (3.6)
. (A—B)Ry o ey
Bu = =0 r:“ (ACo® —¢*) + = = (3.7)
A=BA=OR? » 2(d+0)z’ CA—C)sb(v—BoP) |
T Ay [ C =g =B+ g ] +-

Substituting the expressions obtained for ¢ and w into equations
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(2.10), we obtain three basic differential equations for the three
variables v, p and r, the independent variable t being not explicitly
contained 1n these equations.

Let us remark that the general solutions and certain particular solu-
tions of the problem exist, etther when the radical is absent in the
right-hand sides of the basic differential equations (2.10), i.e. in the
functions which give ¢ and w in terms of v, p and 7, or when the indicated
functions themselves become constant.

This is possible if one or several conditions are satisfied (the con-
dition Yo = 0, introduced earlier, of course, remains to be satisfied):

1. Either V= 0,
or for V == 0:
xo_—_O 3. ZO::O. 4 A=C. 5 B=C. 6. 4=28 ('38)
. (A—B)(B—C)Ry?p*—V (v-- B=) = const
8. g = 34 (const), w = w,(const)

~1 I3

The second and third conditions of (3.8) taken together contain the
case of Fuler and Poinsot. Here the indefinite case must still be invest-
igated. The second and sixth conditions together give the case of
Lagrange and Poisson. The fourth, fifth and sixth conditions together
give the case of complete kinetic symmetry. The third and sixth conditions
taken together lead, in what follows, to the case of Kovalevskaia,

Consider the derivation of the particular cases of integrability of
the equations. If necessary we shall pass to the old variables, in which
the known cases of integrability have been considered.

If the first condition of (3.8) is satisfied, then ¢ and w are given
in terms of v, p and r by the formulas (3.6) and (3.7). These formulas
are obtained by elimination of p and r from the formulas (3.2), (3.3)
and the fifth or the eighth relation of (3.1), under the assumption that
p#0andv £ Br.

For y, = 0, V= 0, equations (3.2) and (3.3) are satisfied for arbit-
rary p and r, if the new variables are related by the relations p = 0,
v = Br. One of them can be taken as a particular integral, for example,
p = 0. We then obtain the case of the loxodromic pendulum.

This case was obtained by Hess [3 ], and later, using Kovalevskaia’'s
method by Appel’rot [5 ] and Nekrasov [ 6 ].

In a number of papers Nekrasov [6,7,8,15 ] analytically investigated
the motion.

The peculiarity of this case consists in the fact that the solution
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of the problem reduces itself, in general, not to single-valued functions
of time but to many-valued ones, and only under certain supplementary
conditions can the solution be reduced to single-valued functions of time.
The conditions for the existence of asymptotic periodic motions in this
problém were considered by Mlodzeevskii and Nekrasov [9 ].

Zhukovskii [4 1, with his innate skill, gave a geometrical solution of
the above pendulum.

Chaplygin [14 1 indicated the disposition of the points of support in
the rigid body for the motion to be realized.

Consider the third and seventh condition of (3.8) which assume the
form

(B—C)x?[(A = B)p? — A (v — Br)] = const (3.9)

or in the old variables AC(B - C)x02r2 = const. For the particular value
zero of the constant when B = C, we obtain the case of Lagrange and
Poisson. If x, = 0, we have the case of Euler and Poinsot. Excluding these
cases, we obtain that the above condition is equivalent to r = 0.

Here the new variables in terms of the old variables are expressed as
follows:

v=A%p*+ B’¢*, p=Ap, 1=Ap*’+ B¢ (3.10)
c=p, w=p* 4 ¢* ="

The second differential equation of (3.10), written in the form

(4 = w—o0 0= — c—po

and taking into account the relation (3.10), gives p = p, (const).

The third differential equation of (2.10) is satisfied as a consequence
of the relation (3.10), the condition p = p,, the equality (2.7) and the
second of the equalities (3.1).

The first differential equation assumes the form

2

1 dv Y R . .
(2(2" "df> = (v —po") (1 —1t%) — (k — pypt)? (3.11)

where v and p, owing to the relations (3.10) and (2.7), are connected by
the relation

% =
v

s P — e B

For the conditions introduced, Yo=125=7rT= 0, p= pO/A = const, the
third equation of Euler gives
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(A—B) pyq + Q2= 0
The first two integrals of (1.3) reduce to

A—B) oo/ po?
T—20u =k, g—j—Q—)—p-(%—'r,)—}-pop:k (3.12)

For the variables r, p not to be constants, it 1s necessary for the
determinant of the system to be equal to zero, from which there follows
the relation

A=2B
From the system of equations (3.12) we obtain the following relation
between h and k:

Leo <%;>f _h) = Qk (3.13)

Equations (2.7), (3.10) and (3.13) give

v—p* = BQ (2 — 30

Differentiating the second equality of (3.1) with respect to t, re-
placing p, g by their values, taking into account (2.7), (3.13) and sub-
stituting the expressions for v - poz, dv/dt into (3.11), we obtain the
differential equation for the case of Bobylev and Steklov, namely

de\2 2 k — po)?
(%) = Fo (oar — k) (1 — ) — EF (3.14)

Of the two constants h and k in the integrals (1.3) the solution con-
tains only the constant k [h can be expressed in terms of k by means of

(3.13)].

In order to reduce the equation obtained to the form considered by
Bobylev, let us make a cyclic permutation of the variables and parameters,
replacing p by r, g by p, r by ¢ and the remaining quantities correspond-
ingly. The problem is subject to restrictions which can be put in the
form

24 =C, To=Yo=q=0, r=r,

In addition we have p, = Cr, p = y;. Hence equation (3.14) assumes
the form

dva \2 2Mgz, k 125f< — f )
(o) - 2o - ) i — il 20) |

The constants C, and k_ introduced by Bobylev [17 ] have the expressions

k
—_ o

2
Ary

Gy = Mgz,

kB ==
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Equation (3.14) can be reduced to the form indicated by Steklov [ 18]
if A, x;, p and y, are replaced by B, y,, g9 and y,, and the expressions

Mgy M 2 d Mgy, dy
qgo ! 712, 1 —u,2 =1 —-—--§—o~l/ R 5110 12) Lo £/1) !

oo — k = T g T ar

are calculated from the second integral of (1.3) by use of the third
Euler equation.

Then equation (3.14) assumes the form
dyi\? k* A’[gyok (IWgy"
(@) = a2t gmp — (1 i)t — Tigrmt] - 849)

The constants [, n and K introduced by Steklov have the expressions

k m__ Mgy, K— .t

L= 24q," = 2qy ~ 24g2’ A

Consider the seventh and eighth conditions of (3.8). The former in
terms of the old variables has the form

[(A— B)zop + (B—C)zor]* = L* (L = const) (3.17)
Formula {3.4) will be written in the form
VRys = AR + (A — C) wyzoL
Fqualities (3.17) and o = o, = const lead to the condition A = 0,

under the assumption that p and r are not constants.

Formula (3.5) will be written in the form

BV2w = V2 — AV (v — Br) =+ 2PRyxozolp + (A — C) UL

The constants o, w, and L can be selected in such a way that this
equality 1s identically satisfied.

The conditions

Yo = 0, A=DB-C)a? — (A —B)z,* =0 (3.18)
and ZoPp -+ 2Zor = const, pE 4 4% + r? == const (3.19)

taken together give the case of Grioli, 1.e. a regular precession about
a nonvertical axis.

The meaning of the condition A = 0 is the following. Assuming that
A > B> C and that the conditions (3.18) are satisfied, the center of
gravity of a heavy rigid body rotating about a fixed point must lie on
one of the two perpendiculars to the circular sections of the ellipsoid
of inertia constructed with respect to the point of support. In order to
prove this, let us construct the central gyration ellipsoid at the center
of gravity O and referred to the principal directions, namely
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2 2 2
7 g
a® + by? Cﬁ

= 1, a12 > b12 > 012 (3.20)

where a;, by and c, denote the radii of inertia with respect to the
principal central axes.

For the point S, the coordinates of which with respect to these axes
are ¢, n, ¢, let the conditions (3.18) be satisfied, where 4 = Ma?,
B = Mb?, C = Mc? are the moments of inertia of the body with respect to
the principal axes of inertia Sxyz, intersecting at the point S. Here
xy, ¥ and z, are the coordinates of the center of gravity O with respect
to the system with the origin at the point S.

In order that the condition y;, = 0 be satisfied, the principal plane
xSz, orthogonal to the middle axis of the gyration ellipsoid at the point
S

22 y? 72
Tt =1

must contain the center of gravity 0. In addition, this plane must be
tangent to the one-sheeted hyperboloid, confocal with the ellipsoid (3.20),
passing through the point S and belonging to the system of confocal sur-
faces

g2 7 ge (i=1,2,3
— . _ :1 N y A
a4+ &, +612—§—7\£ + e® + 4y for"*bx“<12<_012
where
}‘1 = ﬁz a2, )\2 == ﬂz o bz, )x;; Tz ’IT"', - (_72

are the elliptic coordinates of the point S provided

2 -9 2 wa
e gt 7‘ '_‘I__ o
holds.

In general, in the coordinate system O&n {, the coordinates of the
center of gravity 0(0, 0, 0) do not satisfy the equation of the tangent
plane to the one-sheeted hyperboloid. This requirement can be met only
if the hyperboloid of one sheet degenerates into the outer part of the
focal hyperbola

‘iz € 1

(R = — by?)

(th"‘ -+ )\2 1?4 7\2 )
i.e. it is necessary that n = 0. Thus, the point S lies in the coordinate
plane £0¢, the point O in the plane xSz, i.e. the axis Sy is parallel to
the axis O7p.

From the expression of the Cartesian coordinates of the point S in

terms of the elliptic coordinates it follows that 7l = alz + 612 + 612 +
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+ A, + A, + Aj, Henee for A, , the expressions for the squares of
the principal radii of 1nertla at é are

(12 — a12 ‘*’ 612 + }"3
b2 == a12+C12+)~1“)\2+)\3 (3'21)
=a’+ca’+ N

Equating the moments of inertia with respect to the straight line
connecting the center of gravity of the body with the pole S, expressed
in terms of the radii of inertia with respect to the principal central
axes and the principal axes, intersecting at the point S, we obtain in
conformity with (3.21)

a4* ,x -+ e 195 = (M2 -+ M) (3.22)

Here the ¢'s with subscripts denote the direction cosines of the
straight line connecting the center of gravity and the pole S with respect
to the corresponding axes, assuming that a straight line emanates from
the origin of the coordinate system. Eliminating a, 2 and cl2 from the
equalities (3.21), we obtain

a® = 0% — %y +hy, =0+ r—1

The condition (B — C)xoz - (4 - B)zo2 = 0 in this connection gives

7\ _ 7\12(,2 + }\31}‘2
g == ————————

o = M@ F dgpa® = — b)°
Comparison of the equality obtained with that of (3.22) gives
bt = a%2 -+ o2,

The right-hand side of the equality represents the radius of inertia
with respect to the straight line in the plane £ 0 passing through the
center of gravity and being perpendicular to the straight line connecting
the center of gravity with the pole S. Thus, the locus of points of
support S of a heavy rigid body which satisfy the conditions (3.18) is
(1) a pair of perpendiculars to the planes of the circular projections
of the central gyration ellipsoid, if by the latter planes we understand
the planes on which the orthogonal projection of the central gyration
ellipsoid is a circle, or (2) a pair of perpendiculars to the planes of
the circular sections of the central ellipsoid of inertia.

From the way of constructing the gyration ellipsoid from the ellipsoid
of inertia, it follows that in the case when the transformation radius is
equal to one, the planes of the circular projections of the central gyra-
tion ellipsoid are at the same time the planes of the circular sections
of the central ellipsoid of inertia,
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Because of the reciprocity of the above mentioned ellipsoids this pro-
perty is also reciprocal with respect to them.

Substituting the expression A, = A1¢22 + A3¢22 into the second equal-
ity of (3.21) and taking into account the remaining two equalities, we
obtain

b = a’e,® +

Thus, the disposition of the center of gravity with respect to the
point of support is shown.

The center of gravity of a heavy rigid body, rotating about a fixed
point and subject to the conditions (3.18), must lie on one of the two
perpendiculars to the circular sections of the ellipsoid of inertia, con-
structed at the point of support.

Guliaev [ 33 ] was concerned with the problem of expressing p, g, r,
yé, y% and y, as explicit functions of time t for the case (3.18) and
(3.19),

Consider the particular case when the first constant in (3.19) 1s
equal to zero, i.e. the conditions

Yo =0, (B—C)ag> —(d—B)z2 =0 (3.23)
Zop + zor = 0, P+ ¢® -+ r® == const
Differentiating the first expression in the second row of (3.23) with

respect to time and taking into account the Euler equations (1.1) and the
relations of the first row in (3.23), we obtain

~

Axgp 4 Cogr = — MgR?- 2 (Ro® = 2,2 + 25%)
provided 4 £ C. ?
Solving this equation jointly with the first equation from the second
row of (3.23), we obtain
_ MgRgv  MgRMy
P= =0 R EY-

After the substitution into the first and third Eulerian equation of
(1.1) and taking into account (3.23), we obtain

! MgR.2

w17 T =gt

r=— Lt (l=const) (3.24)
~0

The second equation of Euler (1.1) and the second equation of Poisson
(1.2), after elimination of dy,/dt, p and r, give an equation which,
owing to the first equality of (3.23), can be written in the form
(A—Cyr

(2B —C)ayts + (2B — A)zots = — Sy

(3.25)
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Differentiating this equality with respect to time and substituting
for dyi/dt, dy3/dt their expressions as given by the first and third
equation of Poisson (1.2), eliminating p, q and r from them before the
substitution by means of (3.24), and assuming that g # 0, we obtain

A — C) BI?
(2B — A) 21, — (2B — C) gy = — 020 (3.26)

Excluding the case A = C = 2B, we obtain from (3.25) and (3.26) the
expressions

(A— )L _(A—C)l2

VU= 7 Mgz Rt 138 = TMgaolty® (3-27)

After eliminating I, we obtain
2?0"{1 "}‘ Zg”fa = 0 (3.28)

The second equation of Poisson (1.2), owing to the expression obtained
and (3.24), gives y, = const, q = const.

Mlodzeevskii [ 13 ] investigated cases when a heavy rigid body, fixed
at a point, rotates about a constant (permanent) axis. One such case of
motion is when the permanent axis of rotation is vertical and located in
the body on a cone of the second order with the vertex at the point of
support. This cone under the first condition of (3.23) degenerates into
a pair of planes

A—Cyx,z ,
‘g'-‘;{u?)‘ﬁ’(xc\’x + Zo13) Y2 == 0

The expression (3.28) shows that the motion considered refers to a
particular kind of permanent rotations (in the case of Grioli),

The first two classical integrals (1.3) assume the following form

A Cl2 (A—Cyly Al® Ci2
== + 2 W e o= arrnall T 2 R
& N Bq + L My fty? < z,* + Bq + zo?
The constants h and k are connected by the relation
e A=0O1L, (5.29)

Mgh,?
Then from {3.24) and (3.27) the following relations are obtained
k k k .
T="y P Te=p G Ya=pT (3.30)
The third classical integral of (1.1) due to (3.23) and (3.29) gives

PO k*(MgR,)?
=% TEEA=—B =0

The expressions for p, and r on the basis of the second equality of
(3.30) are as follows:
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— MgR*k _ MgR% L
P="aCrap ’ el S vy (3.31)

The angular velocity in terms of h and k is given by the expression:

h2

2 = 2
0=

4. Certain necessary restrictions for particular cases of
integrability. Consider the third condition of (3.8) for V£ 0, i.e.
y0=20=0’ XO::RO.

The center of gravity of the body lies on the principal axis of
inertia, the moment of inertia with respect to which is equal to 4.

Here the basic differential equations (2.10) can be written in the

form

()} = =y (= + 4QIQ (v — ) + o (s — ) — O]

A2BC (";‘1-3)2 — — AN 4 AJvg? 4+ A2Byyc+ Pgt 4+ ANp — ABC?
\
o d d d
(P — A S+ Alp (r— B)— 20K T + AV — )5 =0 (41)
where
By=B+C, J=24—B—C, N =2BC—AB—AC
P'=(A—B)({C—4), Q=DMgz,

Let us apply Kovalevskaia's method to the system of differential equa-
tions obtained.

Assume that formally this system can be satisfied by series of the
form

1 ;
y == -t—r;: (‘)o vt V2£2+' . ')

1 " g
p= (00 + prt + 022+ . ) {4.2)

-

l

1 2
S (to + =t + >4, . )

where n,, n, and ny are positive integers, some of which might be equal
to zero, and v,, p, and r; are all different from zero.

For the series (4.3) to represent a particular solution of the system
(4.1), they must converge in a certain domain of the variable t. If the
particular solution contains at least one essential arbitrary constant
(besides the arbitrary constant tg, assigned to t, and the arbitrary
constants h and k), then the series {4.2) will contain at least one
essential arbitrary constant among their coefficients.



Consider certain cases for the system of values n,, n, and n
series (4.2) satisfy the system of differential equations (4.1).

Assume that n, = n, = 2, n
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3 when the

=1 (A #£B, A#£C) and substitute the

series (4.2) into the system %4.1).

Equating the coefficients of equal powers of t on the left- and right-
hand sides of the equations, we obtain the following systems of algebraic
equations for the determination of the coefficients of the series (4.2):

1.

o

3.

4vg - Tp? = (4.3)
Avg (Bg — Avg) — po? (P'p® 4 AN7g — A2BC) + A2BCzy? =

29y — Aty =0

vy (4vg + %) + 21yvp7e =

A0y — 20Dy — Ar Wy =0

vy (96 + Atg) + p1 (4vg — 3A4%) pg — Ay == 0

7567 b 2 {7y — 1) voTe + v (v F 2770} + Y, == 0
Ay — 205 (O -+ A2BC) pg — AtyWo + Avy (B —.1v)) —
o Plzq)o - 214!\791«’%90 + 4‘123(]712 E 0
219,79 ++ 4py (vo — A7) — 2Amvg + A (73— R) 0o + 2919100 +
+ 20, (6 — o) — Apymipy = 0
Vg (== 4vp + %) + 2[%% + emTy + (B — A) (T + Tve)] -
+wty® — 4Qkpety = 0
les(',’o —_ 2‘03 (q")o, + 2!12BC) p() —_— ‘4’:3?0 "“l“ AVz(al — 2?2@ o
— Ai’leyl — {)12 ((I)l _— 2P’Plpo) = 0
vi (% — 34%) — pa (dvo — Sd7t)ps + Aty (Bve — 2062 —
— Avgty — 0y [2ipg + p1 (Bv — Sdtg) — 24mpy] + Aty —
— Aty h) prpo — p1® (1 — A1) 4 24Qkp, = 0

Vg (— 8vo+ To%) + 2 [tvpTo— v (¥1 — TuT) + T3 (T4 Tyvo)] +

+ ¥ [2 (s — )7 + ]+ {r2 — }l)z“a 4+ 2 (7 — Ryt —

—4Q [k (p1%o + 7100) + € (vo—po*)] = 0

Av By — 204 (Dy + 3A2BC)py — Aty Wo + AvgB) — 203D — A,V +
Ay (B — Avg) — .7 (Dy—A2BC) — 2p, (ANpyt pyDy) -+ A2BCy?—
— ANTp? — Plpt = 0

v (2pg® — 4Ary) - 20, (299 — 347g) gy + A (v — 3po®) — 2v3 (p1po —
-~ Avy) — 65 {20 + 20y (29 — 3A70) — 3Azypo] + Aty (29 — 3pipe) —
— 2% (2v9 = 3AT) — pypy (2v — 3A7y) - O
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6. Vs (— 12v + o?) + 2 [75vgmo — a4 (291 — 73%0) + T (T + Tvo)] +
43 {2 (tg— h) to+ 72+ 2 {t [vaTo 4 (To— R) Yot Tl + Vo (Ta— )T —
—2Qkpye} + (ta— h)>vy — 4Q [k (ta— k) po+ Qv1 -+ p1 (Ari— 2Q0,)] ==0
AvgB, — 2p5 (D + 4A42BC) py — AWy + A8 — 2p,@ — AT, -+
+ AvyBy — 205 [ATvopg + ps (Op — 24%BC) + ANpy + 0D —
e Aty Wy — 2409050, — p? (D + 6P 7pypo) — 2ANpy101 — 4P papP= U
Vs (3po? — BAT,) — p5 (4vy — TATg) po + Ats (9% — 4p0%) +
+ 4 (4p1oo — 34m) — 04 [2v1p0 - p1 (4o — TAT) — 4Am1p] +
+ Aty (3v; — Bpapo) + V3 (2200 — ATy 4 047) —
— 03 [p2 (4o — TAz) — A (o — R) oy + 2vi01 — 44pi5 ] +

.........................

Here for brevity we have set
g = 24v, — Joo? — ABy7,
Ay == 24y — J (popr + p1po) — AB1my

(3‘)9, = A’ih]\é(} + 21)’952 '§‘ A.{NTQ
D, = AJvy + 6Pp* + ANx,
@, == AJv, 4+ 6P'pi0g + AN,
(D = fljvlpq + \Olq)() "I'“ 14[\7'51{)0
W, = AByvg 4 Npo® — 24B8C+,
\I/.I == ABl‘ll —{- N ((lofll + plpg) —_— 2fIBC’Cl
Wy == AByvs + N (pop2 + pap1 -+ papo) — 24BCx,
The first system of (4.3) has for v, and r | the solution
vg == — A, 1y = — 2A
The quantity p, is determined by the equation
(A —B) (4 = C)pg* + A2 (A — D) (4 — €) + (A — 2B) (4 — 20)] p® +
+ 444 -2B)(4 —20) = (4.4

From the first equation of the second system it follows that r = 0.
The second and third equations, which are homogeneous with respect to
v, and p,, have nonzero solutions under the following condition
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(A— B) (A —C)pg* — A (4 — 2B) (4 — 2C) = 0

Equating the resultant of the polynomials (4.4), and the one just ob-
tained, to zero, we obtain for v, £ 0, Py # 0 a condition which contains
Kovalevskaia’'s case or gives

(A —DB)(Ad—C) = (A — 2B) (4 — 2C) (N+ BC=0) (4.0)

I1f we exclude Kovalevskaia’'s case from consideration, then the common
root of these polynomials will be po(l'z) = 1A, where i =+ y = 1,

If we assume condition {4.5) to be satisfied, then v, can be considered

. 1
as an arbitrar constant and Py has the value

Eliminate v, from the first and second equations and from the first
and third equations of the third system of (4.3). Because of the value
py = 1A for the two equations obtained, their determinant with respect
to the variables p, and r, is equal to zero. Then the independent terms
of these equations must be proportional to the coefficients of the vari-
ables. This fact leads to the condition

32 [34—2(B 4-€)] = 0

The condition obtained, together with (4.5) for v, # 0, gives no new

cases except Kovalevskaia's, and forces us to concluée that v, = p, =
p 1 1

. =0

This corresponds to the following values for p; obtained from the
equation (4.4):

(he)  ; ot) i (A —20) (A —20)
b8 = i4, o0 =14 V (A=DB)(1—-7C)

The condition (4.5) is not satisfied.

Let us determine successively the coefficients of the series (4.2) for
the root p, 1.2} = iA. We have

(1) the third system of (4.3)

vy - Aryg — AR = 0, By, + 2i (N — BC)py — 2BCry = 0
vy —4idpy — Az — AR =0 (4.6)
and its solution
R T
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(2) the fourth system of (4.3)
2v; ++ Ay 4 2iQk = 0, Byv; — 2iABp; — 2BCrt3; =0
Ovsy — 6idpy — Aty + 2iQk =0 (4.7)
and its solution
o= —iQk, p=—2, =0
(3) the fifth system of (4.3)

9y, -+ 3At; + 12 =10
AByv; — 2iA(AB 4 BC + CA)p, — 2ABC~y — 7; NR2=0 (4.8)
6vy — 8idpy — Aty + %— =20
and its solution =

Lo e e
1T T Pa= "35> T T RA

(4) the sixth system of (4.3)

4Avs 4 APzy — 2 iQkk = 0
A2Byv; — 2i4% (AB + AC + 2BC) ps — 24°BCr; + - iQNkh =0 (4.9)

7Av; — 10 A%05 — Aty — iQkh = 0
and 1ts solution

Qkh 2iQkh
=0 B=pme BT

The coefficient matrix of the system (4.6), which is linear and homo-
geneous with respect to v,, p,, 7, and h, has the following minors of
order three, obtained by deleting the s-th colum:

Al = 4iA2)\’ A2 — 2A)\, A3 = 2iA)\, A4 = — 6i11)\
where A = N + BC£ 0, since condition (4.5) is not satisfied.

If these minors are not zero, then, by selecting any one of the
quantities v,, p,, 7,, h as the independent variable, the remaining ones
can be uniquely determined in terms of that quantity.

For only some of the unknowns to be considered as arbitrary constants,
it is necessary for the minors of the third order to be equal to zerc.
For the system (4.6) this requirement cannot be satisfied, since A # 0.

The matrix of the coefficients of the system (4.7), which is linear
and homogeneous with respect ot v4, pg, 75 and k has the following minors
of the third order
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Al == SQA)\, Ag == 4(0)\-, As = 0, A4 e 8iA)\

The requirement for the vanishing of these minors gives no new condi-
tions, if we reject the condition Q = Mgx, = 0, previously obtained.

The matrix of the coefficients of the system (4.8), which is linear
and homogeneous with respect to v,, p,, 7, and h?, has the following
minors of the third order

Ay = — 20 A%\, Ap= — A}, Ay = — 4iAX, Ay = — 30i4%

In this case the necessary requirements for the vanishing of these
minors cannot be satisfied.

The matrix of the coefficients of the system (4.9), which is linear
and homogeneous with respect to Ve Py T h, has the following minors
of order three:

Ay =0,  Ap=20Q4%)%, A= —8QA%N, A, = —124%

If A2 # 0 and AB #£ 0, then h can be expressed in terms of k and one of
the unknown coefficients p. or r,. Thus, a restriction connecting the
arbitrary constants h and & cannot be established.

The constants h and k, in general, are independent.

It is therefore necessary that A, = Ay = 0, which gives a necessary
restriction

k=0 (4.10)

for the value of the constant in the area integral.

The system (4.9) can be considered as linear and homogeneous with
respect to the unknowns vy, pg, 7. and k, the matrix of which, provided
that we replace k by h, has the same minors as before. Then we obtain the
necessary restriction

h=20 (4.11)
for the value of the energy constant.

Thus the coefficients of the series (4.2) contain no essential arbitary
constant.

In general, a similar investigation can be carried out for the s-th

system of (4.3), not only for the root po(l'z) = 14, but also for the

root

Gay . a1/ A —2B) (1=20)
0@ = id] (A=) (1=0)

This investigation, however, gave no results that need be mentioned
here.
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5. Cases of integrability when the center of gravity is
located in the plane through the axes of equal moments of
inertia. Consider the third condition, and one of the following three
conditions, of (3.8), for example the third and the sixth conditions,
which give

A=B, A%C, Yy=2= (.1

The center of gravity of the body lies in the plane passing through
the axes of equal moments of inertia.

The basic differential equations (2.10) assume the form
2 -
(E\:z)z = =y (—=h)? +4Q[Q (v — 0%) + ko (r — h) — Qk?] (©-2)
A%C (%‘%) = — AP 4 (A—C)yp® + A(A+ C)vr - A (A~ C)p*s — A

5 d . -
(0 — 4D L Afp (s k) — 2001 % 4 A — )T =0

where Q = Mgx,.

The condition (4.5) of the preceding paragraph gives Kovalevskaia's
case.

If this condition is not satisfied, i.e. in the case A = 2C, on the
basis of the results of the preceding paragraph we obtain that either
k=0, or h = 0. Therefore, in seeking further conditions of integrabil-
ity, it is necessary either to observe one of these requirements, or to

seek other conditions in a general form and then impose these conditions,
provided that A £ 2C.

Under the conditions (5.1), there exist for the coefficients n,, n,
and n, in the series (4.2) other values than those considered in éection
4, for example n, = n, = 2, n, = 3, for which the series (4.2) will
satisfy the system of differential equations (5.2).

The fact that for A = B the function p (in the case under consideration
p = Ap) can have a pole of order three was first observed by Appel’rot
and Nekrasov (see Appel’rot’s theorem in Section 1).

Substituting the series (4.2) for the above choice of values for ny,
n, and ny, into system (5.2), and equating the coefficients of equal
powers of t on the left- and right-hand sides of the equations, we obtain
the following system of algebraic equations for determining the coeffi-
cients of the series:
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1. 4vo? + vo7e? + 4Q%,% = 0
(A—C) (vg— Aty) — 942%C =0 (5.3)
2vg+ A7y =0

Vi (4o -+ 7%) + 8Q%100 -+ 271%%0 — 4QkpyTe = 0

(A—C)vipo + 642Cp; — A{A—C) 7100 == 0

1P + p1 (4% + A7) + 247100 = 0

3. v2To? + 8Q%00p0 + 2 (T2 — h) voTo + ¥1 (V1 + 271m) +

+ 4001 (Qo1 — k=) + %9 — 4Qk7i0 = 0

(A — C)vypg® + 124%Cp00 — A (A — C) m00® + 2 (A — C) vy0100 +
+ 5A20.012 —_ 2A (A —_ C) 01T10¢ = 0

409900 + 34 (72 — k) po® + 20p1po + 2p1%v0 + 34050 = 0

o

s+ 1. vs[—4 (-5' — 2) Yo + T02] + 802%90 + ATsVgTe = fs—1 (v, p, %)
(A — C) venp + 68A4%Cps — A(A — C) 1500 = fs—1 (v, o, 1)

(s — 2) vspo + 05 [— 4o + (5 — 2) Ave] — (s + 1) Aoy = Fouy (¥, p, %)
(s=1,2,3 ...

Here the functions f (v p, T, i (v P, 7), ) A 1(V p, r) are
polynomlals which depend on the unknowns'» V y eee

1? Pl, ¢
T

1 v Togo the indices of which satisfy the conéltlon 1€ s — i

The first system of (5.3) has the solution

(5:4)
342C 342C 64C ./ AF2C
WEFc =A™ T Ta—¢ (’”le A—-C *O)
The second system has the determinant A £ 0 and the following solution
__34Ck B 3ACk _0
META—Om T T ga—er T

The solution of the third system of (5.3) is given by

b BC(3A—TC) K . 3C(4A—T10)k
T @t 20)(A+3C)’ Y2 T QA —C)(A+3C)m
C (34 — 10C) &*
=h+ 2A(A F2C) (A +sc)

etc.

and so on.

Without carrying out the examination of the matrix of the system (5.3)
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(as this has been done in the preceding sections), let us call attention
to the following.

For the solutions of the system of differential equations (5.2) re-
presented in the form of series of the considered form to depend on
arbitrary constants (though the number of arbitrary constants may not be
complete), in addition to the constant t, simply added to t, it is
necessary, for values of Vo) Pgy T @S given by (5.4), for the determinant
of the (s + 1l)st system of (5.3) to vanish for certain positive integral
values of s(s = 1, 2, 3, ...). Equating to zero the determinant of the
(s + 1)st system of (5.3) with respect to the quantities v, p_ and 7,
we obtain the necessary condition in the form

[s(s—1)—3]4=[s(s—1)+6]C (5=3,4, 5, ... (5.9)

This necessary condition for the existence of single-valued solutions
cannot be satisfied for s = 1 and s = 2 by virtue of the mechanical con-
ditions of the problem (4 > 0, C > 0).

For s = 3 we obtain the condition A = 4C. Imposing the requirement
k = 0 obtained in the preceding paragraph, and taking into account (5.1),
we obtain the Goriachev and Chaplygin case.

For s = 4 we obtain the condition A = 2C. Then, in conformity with
Section 4, the requirement k = 0 is no longer necessary. Taking into
account (5.1), we again obtain Kovalevskaia’s case.

For s = 5 we obtain 4 = 26/27 C, for s = 6 the condition 4 = 4/3 C,

and so on.
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